
Minimal Model Program

Learning Seminar
.

Week 5 :

• Rationality Theorem

• Non - vanishing Theorem
.



Rationality Theorem :

Lemma L : Y a smooth projective variety , Ds . - - - i Dn Carlier

truisms on Y.

A normal crossing
with TAI so

.

Plus . . . . . un ) : = X (I
'

Ui Dit TAI )
.

Assume that or certain Ui . I'll:D : is net and I'ai Di +A - KT ample

Then
,
Peo of degree s dmt

.

Proof : For m >so , I
'

muiDit A - Hx is still ample ,

H ' ( I' murti t TAI ) -o for in by KY vanishing .

By Non - vanishing Theorem hoc -21mm.Dit TAI ) ⇒

oooX ( I' murti t TAI ) to .
Hence

P ( Mur , . -
n , man ) to.



Jim Cx )
11

Lemma 2 : Let pcx.gs to polynomial oftegmen
Assume P vanishes for all sufficiently large integral solution of

Os ay -
Ex a E for ore 2g

.

and Eero
.

Then , r is rational and in reduced form it has
'

denominator E a Cnts ) / E.

Picture :
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Proof .. Assume r irrational , we can find Cx ' ,y
' se 2.12

large enough so that o say
'
- ra

'
c elcntzi

.

By the assumptions (2×127 ' ) , . . - s (Cnn ) x ' , cutesy
' )

are also solutions
.



In this case , we have that the polynomial

Y'x - X'y have Cnts ) common zeros
.

Hence cybc - x'y ) divides P . (since Lg Psn )

If we choose E smaller and repeat the argument nti times
,

we would obtain that deg P - htt .

Hence
, t is rational

Now
, assume r - UH in lowest terms

.

Let Cody ' ) be a solution of ay - race .

Then a Cy
'
t true ) - r (x't aku ) = ¥ for any r .

Hence, we conclude that the polynomial
(ay
- ra) - Cajal ) divides Pcxy)

provided than agnese because in such case they
share at least htt genes

and Jey p s n .

Therefore
,
we can only have at most n valves j for

which ajlv se .

This implies that

a.Cnts ) ly Z E .

Hence , y f Lent' ' as claimed



Theorem ( Rationality Theorem ) : Let CX.at be a proper
KIT
pair so

that NxtLl is not net . oee
'
21 so that oeckxa Ll ) Carter .

H by & nef Cartier divisor
. Define :

y net threshold .

r = r CH ) is Max { te IR / Ht t Ckxta) is neff .

Then r is a rational number of the form Ulu curve 'Ll ) where

O L V E a ( Jim CX) tis ) .

Proof :

y
Cartier index of hasta

step 1 : We reduce to the case in which His bpf .

H
'
= m (CH t da (Kx ta ))

By bpf Theorem , we know that IH 't is bpf . for
my> C ⇒ J 20 .

Remark :

r CH I = RCH 't t mda His bpf &

Tc { theseus::%! "TCH ) rational ←→ RCH't.

If ten (RCH'D I n → den Cr CHD / mcu.

Replace H with H
'

and now H is bpf -



Step 2 : We study the base locos Lcp .gl .

n

yalkxs.LYg
Not net
,

ay - roc
- e .

. : .ir
"⇒Hiii¥i÷E÷:÷..sn.

Lcpiq , to be the base lows of lptltgocckx tall .
Lcpiq ) -X iff Ip Ht qackxt431=4 .

(poop large enough in the strip , Lynge stabilizes

Lcpiojl E Lcpiqi .

I
the semiampleness of this

Cjng 4.
'
'9 's direction gives

n

yalkxs.LY go
Not net ay - race

e .

c... mama 's ""

By Noetherian induction it stabilizes to Lo
.

IE 2,1×21 of guys , ocag - rpee with Lcpcg ) - Lo .



Step 3 : We define the polynomial Peay ) and
prove

that it does not vanish

g
: Y→ X a log resolution of (X.41 .

De -- got H , Dz -g
" (a Chex-Ll )) , Ke -g

- (Kxtdlt A .

TAT zo
g
- exc.

Pcxiy ) : - X (xD, tyDzt TAI ) is a polynomial of

degree s dim G) = dmcxl - n .

Y -o , x soo , D , is big & net

P # o . Furthermore .

Holy , pDetqDzt TAI ) = HEX , put ga Ckxta )) .

CH) From now on , we assume that r is not rational .



Step 4 : We show that Lo # X .

If o say
- rash then .

f. big
& net

xDsty Da
t A - Kx =g* ( x Ht Cay -t) (Kita))
(
log & net .

Hi (Y ,
xD .tl/DztTAlJ--o for iso .

For cp.gs large enough Pcp.gl to by the Lemmas ,
so I pH tqackxt 431¥01 for all Cpcg)EI ,

which means that Lo EX ,
Lo EX .



Step 5 : We show that Lcpig 't Elo for go.ge ,

large in the strip , leading to a contradiction
.

Fix gmglEI s fit→ (Xia ) log resolution satisfying .

H f-* ( pH togas ) Ckxta )) - I' pity ample .

--

big a net Heye , we
are any

sa

2) He = f- * Chests ) t I'a,Fogy
movable pub
I fixed part .

3) d- * IpHtqackx tall - ILI t I
'
ru Fi

We can choose Cao and
pg so so that

-2! C - or, toy - pot Fi - A '
- F
- prime

TA 't so , A
'

does not contain F in its support .

F-
maps to a component B of Lcp .gl - f ( Uno. so F)

The base lows of lptlt ga Ckx tall .



Ncp ' .ge ) = f-
*

( p
' Htgiackx ta)) TA

'
- f - Ke

.

ample .
nine-

= CL tf
* ( pH toga -e) Cheetah - Z' pie.

.

+ d-
*

(Cp
'
- atop TH t Cf

'
- Cltchflocckx-GD
-

net .

We can choose going 's with ag
'
-

rp 's ag. - rp ,
then

I
(of

'
- Cltclq 1a L t Cpt

- Clt c)pl , so .

(p
'
- Cltcip ) Ht Cg

'
- cite 'g)a Ckxtld ) is nef .
-

is smaller than net threshold
.

We conclude that Ncphg ' ) is ample .

HEY, f-* (p ' Htgiackxtallt TAI )→

H . CF
,@* (p ' Htgiackxtallt TAI ) le ) .

By adjunction ( f-* Cp ' Htgiackxtallt TAI ) If =

f-* Cp ' Ht of'aCkxt4ItA' JIE
- He .

- O-

Reminder . Nxt Flp = He KxtFtAlf - KFTAIF



Applying Lemma L & Lemma 2 to F , we conclude that

Ho CF
,@* (p ' HtgiackxtaDt TAI ) tf ) .

to .

Hence HEY , d- * Cp ' Ht g'a Ckx ta )) ) contains

IZO
a section not vanishing at F .

Same argument oomf ng Lemma
. implies that I

actually is disjoint from F . Hence

•Ef * I ~ Ip ' H tgiocckxt4) I is a section

disjoint from B = fcf ) E Lo .

Thus , Lcpiq ' ) E Lo → e- .

So t is rational
.



Step 6 : We know r is rational , we want to

control its denominator
.

Assume Jen is larger than the constant given by Lemma 2

Lemma 2 & Ees . (pigs large with o zag
-

rp as

we have Pcp.gl = hi CY , p Dat qDat TAI )
to .

Hence , Ip Ht ga Ckx tall *of for all cpiq ) GI .

Choose (pigs so that ay
-

rp is the maximum , equal to I. ,

using the notation of steps , we can show -

X - Loto for Cf
-

Cp't tgiackxtd )) TTA'll It
-

By Lemma 2 , there exists Cp :p
' ) large enough in

O < oeq
'
-

rp
' CI with e-L and age - rp ' s ¥ - og - rp .

This happens because the later has smaller bae bar
.

Then
,
the same argument then step 5 give or the contradiction

µ .



Theorem ( Non- vanishing Ii Let X be a proper variety .

(X.d) a sub - Kho pair . D net Carter . a.D - Ckx ta)

Nef & big for some oeso
.

Then , for all msso

HEX
, mo - KY ) # o.

Remark : (Xd) htt , HolmD) to.

Proof : steps : Reduce to X smooth & AD - Chhota ) ample

f : X '→ X projective resolution ,

f-* (Kita ) = Kat d' (X' id' ) sub - htt pair
.

of*D - Grata ' ) - f-
*

Cao - Ckxtd)) net & by .

af
-D - Grata ) - F ample (X

'

,d
'

tf ) sub - htt .

I
exc .

2nd 20

4
"
-- a'tf , f-* Cd" J E 21 &

*
heck , mf'D - La 's ) s tic X , mo - KY ) .

Change (X. 21 ) with (X' .LI" ) X
'

smooth

D with f'D af*D - Grata" ) ample .



Step 2 : D net , 0=-0 .

141 to assume D E O .

They
hotX. mo - Las ) - XCX , MD - Las )

↳XCX ,
- Lal )

XCDI - xcoy

if D-O'⇒
= LEX

,

-Lal)
K

t . .

try .

D is not numerically tnurd
.

There exists CEX . D. Cao .

Step 3 : We claim that there exists go satisfying
XEX not in app

Cd )
, for gtfo we can find

Mcg) E CqO - Ckx tab with Motta Mbf ) > 22mi.

for A ample and e. so we have

De At
-e

zo



We conclude that :

( GD - Ckxt ADD = (( g -a) D tout - Ckxta Id )
Z dog- ou) (D . Cao - Chex tap" )

V
o d

ample.
I - cycle

coed - Ckxtd ))
d ' '

= Ct eff .

where C is the come satisfying CO - o .

Conclusion : CGD - (15×+4))d→ as if g
-soo .

\

Fact : A ample , for evey ZEX we cant find I -a A

such that
supp
CI ) ZZ .

• int with A & I is the same

( Iz (MA ) I ⇒ To ,
Ii - Elm .

X has dim n ,
An
'

= In i Iz . - -
- In- i
-
contains C .



hole (go - (Kita )) Z ¥ (got lkxtaddt ( lower prom .

Mcgee ) G le CGD - Ckxtd Dl . impey
that Mcgee ,

has mutt > ate at x imposes
. at most

eg÷ Gdp t ( lower powers of e)

condition . q
-soo , CGD - Chhota Dd > Gd )t .

So for of large enough some section satisfies the condition

Mcghee Mcgee) le .

Mug) Eloy D - Ckxtall has molt > ad at a

step 4 : Consider a hog resolution f- (X.at Mugi ) .

that dominates Blast,

est Keef * okxta ) t Gfs . bis -L

as f
' Coco - Ckxta ) ) - Ipo. Fo ample 02ps as

G) for Map ) = I
'

ro Fi , Fo maps to x .

- I



Step 5 : We perturb coefficients & lift from lower Jim :

Mlb .cl = bf * D t I
'
C- crutbo - psst - Ka

is ample as long as and bz
get Ccg

-ai
.

We can always achieve .

Since KEI Supp Cal , too = d -I
, ro > 2J . hence.

c s Cst Ct -H - po ) ht s % .

Nchc ) = bf*D TA - F - ke .

✓
We want this to .

Holy , bf.pt TAI -F) = HOLY , bf
- D - f

- kid )
.

= HEX ,
60 - KY ) .

Since Ncba ) is ample

H '

(if bf.tt TAI -F) = H' (Y, bf.tt TA-FI ) -0 .

Ho CX
, BD - Las ) #o prowled that

9
Hoff , lbf

-Dt TAI ) IF I -40.

A) this is to

By adjunction &
t
Non - vanishing Thin in dm t -I



Idea of all these proofs :

-
-

#
ab -Arita,

I C- lab - Chase) )

bad
sing along

a

subvariety
To adjunction to Z and lift saloons from there

.

Definition : (X.Ll ) log canonical
pan

.

ZE X is a log Camorra'd center

QE(X¥m# CECXJ - Z .

Theorem : kxtdlz-kzt.dz

for some Izzo set . (Zsa z ) Ic .

( up to normalizing )


